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The existence of incompatible measurements is often believed to be a feature of quantum theory which
signals its inconsistency with any classical worldview. To prove the failure of classicality in the sense of
Kochen-Specker noncontextuality, one does indeed require sets of incompatible measurements. However, a
more broadly applicable notion of classicality is the existence of a generalized-noncontextual ontological
model. In particular, this notion can imply constraints on the representation of outcomes even within a
single nonprojective measurement. We leverage this fact to demonstrate that measurement incompatibility
is neither necessary nor sufficient for proofs of the failure of generalized noncontextuality. Furthermore, we
show that every proof of the failure of generalized noncontextuality in a quantum prepare-measure scenario
can be converted into a proof of the failure of generalized noncontextuality in a corresponding scenario with
no incompatible measurements.
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Measurement incompatibility—the existence of mea-
surements that cannot be implemented simultaneously—
has conventionally been taken to be part of what is truly
distinctive about quantum theory relative to its classical
forebears. Here, we are concerned with whether this
attitude is justified when the notion of classicality at play
is whether or not a theory (or experiment) admits of an
ontological model satisfying the principle of generalized
noncontextuality [1,2]. It is already known that classical
statistical theories with an epistemic restriction [3] (and
subtheories of quantum theory which make the same
predictions as these) can manifest incompatibility despite
satisfying the principle of generalized noncontextuality.
Hence, the mere fact that a theory exhibits measurement
incompatibility is not sufficient to infer that it must fail to
admit of a generalized-noncontextual ontological model.
In this Letter, we demonstrate that measurement incom-

patibility is also not necessary for demonstrating that
quantum theory (or an experiment within quantum theory)
is nonclassical in this sense. In summary, we have

Incompatibility

½1; 2�
⇏
⇍

Thm: 1

Impossibility of a
generalized-noncontextual

ontological model:

In a companion paper, Ref. [4], we give more general
arguments and applications of these results (see the con-
clusions for a summary).

The notion of a generalized-noncontextual ontological
model, introduced in Ref. [1], was proposed to overcome
some of the limitations of the Kochen-Specker notion of
noncontextuality, and has since been further refined [2]. It
can be understood as a special case of a methodological
principle due to Leibniz, a version of the principle of the
identity of indiscernibles [2,5]. Unlike the Kochen-Specker
notion, generalized noncontextuality has implications not
only for sharp measurements but for all procedures,
including unsharp measurements, preparations, and trans-
formations. It has been found to subsume many other
notions of classicality [6–10] and to shed light on the
resource of nonclassicality underlying the quantum advan-
tages known to exist for many information processing tasks
[11–23].
Recall that the notion of Kochen-Specker noncontex-

tuality is defined only for projective measurements (i.e.,
those whose outcomes correspond to the eigenspaces of a
Hermitian operator), and the context independence of the
ontological representation of a measurement is understood
as the lack of dependence on what other measurement is
implemented simultaneously with it. It is well-known that
the notion of Kochen-Specker noncontextuality only
implies nontrivial constraints on the ontological represen-
tation if the set of measurements under consideration
includes some incompatible ones.
By contrast, the notion of generalized noncontextuality

provides a much broader scope of possibilities for assuming
context independence: namely, any two procedures which
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are operationally equivalent [1] are assumed to have the
same ontological representation. As it turns out, for unsharp
measurements—which in quantum theory are associated
with a positive operator-valued measure (POVM) that is not
projector valued—there can be nontrivial operational
equivalences between the outcomes of one and the same
measurement, so that generalized noncontextuality has
nontrivial implications for the ontological representation
of even a single such measurement. For instance, consider
the POVM f1

2
1; 1

2
1g where 1 is the identity operator. The

two outcomes of this measurement are equally likely on all
states, and hence its two effects are operationally equiv-
alent. By generalized noncontextuality, then, they must be
represented in the ontological model by the same condi-
tional probability distribution [24].
It is the existence of such nontrivial constraints on the

ontological representation of a single measurement that
opens up the possibility of a proof of the failure of
generalized noncontextuality without incompatibility.
Note that the possibility is open only if the measurement
is unsharp—any experiment involving a single projective
measurement trivially admits of a generalized-noncontex-
tual model. We demonstrate here that this possibility is in
fact realized, and it is realized in the simplest operational
scenario, namely, a prepare-measure experiment.
Our main result can be summarized as follows:
Theorem 1.—From every quantum proof of the failure of

generalized noncontextuality in a prepare-measure scenario
involving incompatible measurements one can construct a
proof that does not require any incompatibility.
In the following, the term “noncontextual”will be used as

a shorthand for “generalized noncontextual.” We will also
use the expression “proof of contextuality” as a shorthand
for “proof of the impossibility of a generalized-noncontex-
tual ontological model” (even though the lesson of such
proofs may well be to reject the framework of ontological
models while maintaining the Leibnizian methodological
principle that underlies noncontextuality [2]).
Reference [25] makes a claim which is superficially

contrary to ours, namely, that incompatibility is necessary
and sufficient for proving generalized contextuality. The
claim of sufficiency in Ref. [25] is only established relative
to the strong assumption that the set of states under
consideration includes all quantum states. This assumption
is violated in any real experiment and also by many
interesting subtheories of quantum theory [3,26,27]. The
claim of the necessity of incompatibility in Ref. [25] is
predicated on assuming noncontextuality for preparations
alone rather than for preparations and measurements.
However, the motivation for assuming noncontextuality

for preparations (namely, the Leibnizian methodological
principle [2,5]) is also a motivation for assuming it for
measurements, and consequently it is unnatural to restrict
the scope of the assumption to preparations alone.
Conventional no-go theorems for generalized noncon-

textuality.—We now introduce the requisite preliminaries
by describing a conventional no-go theorem for generalized

noncontextuality in the usual setting of prepare-measure
scenarios on a given quantum systemH. Such a scenario is
depicted in Fig. 1(a). The scenario is characterized by a set
of quantum states fρsgs, indexed by the preparation setting
s ∈ S, and a set of POVMs, ffEyjtgygt, indexed by the
measurement setting t ∈ T, with elements (termed effects)
in a given measurement indexed by outcomes y ∈ Y. (Note
that taking the set Y to be the same cardinality for all values
t ∈ T involves no loss of generality.) The observable
statistics in this scenario are given by the Born rule, i.e.,

PðqÞðyjs; tÞ ¼ trðEyjtρsÞ: ð1Þ
The features of an operational scenario which drive any

proof of contextuality are the set of operational equiva-
lences that hold among the preparations, indexed by
a ∈ OP, and the set of operational equivalences that hold
among the measurements, indexed by b ∈ OM. These can
be expressed [28] as linear constraints on the corresponding
states and effects:X

s

αðaÞs ρs ¼ 0;
X
y;t

βðbÞyt Eyjt ¼ 0; ð2Þ

for all a ∈ OP and b ∈ OM where αðaÞs and βðbÞyt are real
coefficients which specify the operational equivalence.
An ontological model of the prepare-measure scenario

associates an ontic state space Λ with the system H and
explains the operational statistics as arising from stochastic
processes on Λ. That is, each quantum state ρs is repre-
sented as a probability distribution PðλjsÞ over the ontic
states, λ ∈ Λ, of the system, and each measurement out-
come, associated with quantum effect Eyjt, is represented
by a conditional probability distribution PðyjtλÞ describing
the probability of outcome y occurring given that the
measurement was t and that the ontic state was λ.
An ontological model respects the assumption of gen-

eralized noncontextuality if the ontological representations
of procedures respect the operational equivalences that hold
among these. For the operational equivalences of Eq. (2),
generalized noncontextuality implies thatX

s

αðaÞs PðλjsÞ ¼ 0;
X
y;t

βðbÞyt Pðyjt; λÞ ¼ 0; ð3Þ

for all λ ∈ Λ, a ∈ OP, and b ∈ OM.

FIG. 1. (a) The original prepare-measure scenario. (b) The
flag-convexified scenario, where the white dot represents the
copying of T.
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The correlations Pðyjs; tÞ that can be realized as
Pðyjs; tÞ ¼ P

λ Pðyjt; λÞPðλjsÞ for Pðyjt; λÞ and PðλjsÞ
satisfying Eq. (3), i.e., those that are noncontextually
realizable for the given operational equivalences, form a
polytope. The facets of this polytope are examples of
noncontextuality inequalities [28]. One obtains a proof of
contextuality whenever the observed quantum correlations
PðqÞðyjs; tÞ violate at least one of these facet-defining
noncontextuality inequalities. In such cases, there is no
noncontextual ontological model that can reproduce the
quantum correlations.
There are many known examples of such proofs

[11–23,29–34]; however, to the best of our knowledge,
all previous proofs have involved a set of measurements
that manifest some incompatibility.
Measurement incompatibility.—Compatibility for gene-

ric quantum measurements—both sharp and unsharp—is
defined in terms of joint simulability [35]. For the case of
discrete outcome spaces, it can be expressed as follows
[36,37]: the measurements associated to a set of POVMs
ffEyjtgygt are said to be compatible if there exists a single
measurement, described by a POVM fGzgz, and a stochas-
tic postprocessing Pðyjt; zÞ such that

Eyjt ¼
X
z

Pðyjt; zÞGz ð4Þ

for all y, t. In this case, each measurement fEyjtgy can be
simulated by first measuring fGzgz and then implementing
a postprocessing of the outcome statistics by Pðyjt; zÞ [38].
If such a measurement and postprocessing do not exist,
then the set of measurements is said to be incompatible.
Note that a set consisting of a single measurement is

trivially compatible.
Generalized noncontextuality no-go theorems without

incompatibility.—We now construct a class of operational
scenarios that allow a proof of contextuality without
making use of any measurement incompatibility.
We do so by starting with a prepare-measure scenario of

the type described above—with a set of preparations
associated to states fρsgs, a set of measurements associated
to POVMs ffEyjtgygt, and operational equivalences
described by Eq. (2)—and we implement a modification
on the measurement side. Specifically, the modified sce-
nario involves a single measurement which is obtained
from the set of measurements in the original scenario by a
procedure we term “flag-convexification.” One flag con-
vexifies the set of measurements by randomly sampling a
setting t ∈ T according to some probability distribution
PðtÞ, then implementing the measurement for that setting,
fEyjtgy, and finally outputting both y and t, so that ðy; tÞ ∈
Y × T constitutes the outcome of the new effective meas-
urement. The terminology for the procedure stems from the
fact that one is taking a convex mixture of the measure-
ments in the original scenario, but one wherein the choice

of measurement is not forgotten but rather flagged, i.e.,
copied and fed forward to be included in the output.
To make the argument as simple as possible, we consider

uniform sampling, i.e., PðtÞ ¼ ð1=jTjÞ, where jTj is the
cardinality of the set T of possible settings. (In our
companion paper [4], we show that any distribution with
full support also works.) This simple version of flag
convexification is depicted in Fig. 1. The single measure-
ment in the flag-convexified scenario is associated to a
POVM fẼy;tgy;t defined by

Ẽy;t ≔
1

jTjEyjt: ð5Þ

It is straightforward to check that this is a valid POVM. For
ease of bookkeeping, effects and conditional probability
distributions which refer to the flag-convexified scenario
will be denoted with a tilde.
Note that the correlations in the original scenario are

naturally associated with a conditional probability distri-
bution of the form PðqÞðyjs; tÞ ≔ trðEyjtρsÞwhere t is on the
right-hand side of the conditional, while the correlations in
the flag-convexified scenario are naturally associated
with a conditional probability distribution of the form
P̃ðqÞðy; tjsÞ ≔ trðẼy;tρsÞ where t is on the left-hand side
of the conditional. Using Eq. (5) and the linearity of the
Born rule, these are related simply by

P̃ðqÞðy; tjsÞ ¼ 1

jTjP
ðqÞðyjs; tÞ: ð6Þ

Since the set of preparations in the flag-convexified
scenario is identical to the set in the original scenario, it
follows that the operational equivalences for the prepara-
tions are unchanged relative to Eq. (2),

X
s

αðaÞs ρs ¼ 0; ð7Þ

for all a ∈ OP. Consider now the operational equivalences
among the effects in the new scenario. Substituting Eq. (5)
into Eq. (2), one finds that the operational equivalences in
the flag-convexified scenario are given by

X
y;t

βðbÞyt Ẽy;t ¼ 0 ð8Þ

for all b ∈ OM. So the effects Ẽy;t in the flag-convexified
scenario satisfy linear constraints of exactly the same form
as those satisfied by the effects Eyjt from the original
scenario.
An ontological representation of the flag-convexified

scenario represents each state ρs by some probability
distribution P̃ðλjsÞ and each effect Ẽy;t by some conditional
probability distribution P̃ðy; tjλÞ. Given the operational
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equivalences of Eqs. (7) and (8), the assumption of non-
contextuality implies that P̃ðλjsÞ and P̃ðy; tjλÞ must satisfy

X
s

αðaÞs P̃ðλjsÞ ¼ 0;
X
y;t

βðbÞyt P̃ðy; tjλÞ ¼ 0; ð9Þ

for all λ ∈ Λ, a ∈ OP, and b ∈ OM, which are seen to be of
the same form as Eq. (3).
In the Supplemental Material [41], we prove that there

exists a noncontextual ontological model for the original
scenario if and only if there exists a noncontextual
ontological model for the flag-convexified scenario. This
fact implies that every no-go theorem for noncontextuality
in a prepare-measure scenario involving incompatibility (of
which there are many) can be transformed via flag con-
vexification into a no-go theorem in a scenario that involves
only a single measurement (and hence involves no incom-
patibility). This establishes Theorem 1.
An example not built from processings of incompatible

sharp measurements.—The opportunity for proving gen-
eralized contextuality without incompatibility arises from
the fact that there can be nontrivial operational equivalen-
ces between the outcomes of one and the same measure-
ment if the latter is unsharp. It is natural to ask whether this
opportunity only presents itself when the unsharp meas-
urement is a flag convexification (or stochastic post-
processing) of a set of incompatible sharp measurements
and when the operational equivalences in the former are
implied by the conventional variety of operational equiv-
alences in the latter. If it did, then one might dismiss
proofs without incompatibility as simply proofs with
incompatibility “in disguise.” As we now demonstrate,
the question is answered in the negative—there are genu-
inely novel types of proofs of contextuality for unsharp
measurements.
Consider a prepare-measure scenario with five prepara-

tions, associated with the set of normalized rank-1 projec-
tors fρs ¼ jψ sihψ sjg4s¼0 where

jψ si ≔ cos

�
π

5
s

�
j0i þ sin

�
π

5
s

�
j1i ð10Þ

and a single five-outcome measurement, associated with
the POVM fEyg4y¼0 where the effects are defined as Ey ≔
2
5
ρy (i.e., subnormalized versions of the projectors onto the

states) and thus sum to the identity.
These quantum states and effects can be represented as

real-valued vectors in the space of Hermitian operators
using the basis of Pauli operators. Because they all have
zero component of the Y Pauli, they can be represented in
the three-dimensional space spanned by I, Z, and X Paulis.
We provide these representations in Figs. 2(a) and 2(b)
respectively. For five vectors in a three-dimensional space,
there are necessarily linear dependences amongst them,
which can be captured by a pair of equations. For the five

states, these are interpreted as a pair of operational equi-
valences. They can be expressed as

ρ0 − qρ1 þ qρ2 − ρ3 ¼ 0;

ρ1 − qρ2 þ qρ3 − ρ4 ¼ 0; ð11Þ
where q is the golden ratio, namely q ¼ 2 cosðπ=5Þ ¼
ð1þ ffiffiffi

5
p Þ=2. The five effects satisfy the same operational

equivalence relations [substituting Ei for ρi in Eq. (11)]
because they are equal to the states up to a normalization
factor.
By applying the linear programming techniques of

Ref. [42] to this scenario, we can compute facet-defining
noncontextuality inequalities. (Further details are provided
in the Supplemental Material [41]).
Consider a conditional probability distribution PðyjsÞ

(whose elements we will abbreviate as pyjs) and the
following linear combination of these elements:

C ≔ qðp1j0 þ p1j2Þ þ ðq − 1Þp2j0 þ p0j2 − ðqþ 1Þp1j1:

ð12Þ
An inequality that defines a facet of the polytope of non-
contextually realizable conditionals PðyjsÞ is found to be

C ≥ 0: ð13Þ
Meanwhile, the quantumly realizable correlations for the

scenario described above yield

CðqÞ ¼ q2 − 4

10
≈ −0.138; ð14Þ

which violates the noncontextuality inequality of Eq. (13),
thereby proving that the quantum scenario does not admit
of a noncontextual model.
Finally, we demonstrate that the five-outcome POVM

used in this proof cannot be understood as the flag

FIG. 2. An explicit example of contextuality without incom-
patibility. Bloch-vector representation of (a) the five quantum
state preparations, and (b) the five outcomes of the single unsharp
measurement. Since all operators in the example involve no
component of the Pauli-Y matrix, we depict all operators by their
three-dimensional vector representation ðaI; aX; aZÞ defined by
A ¼ aII þ aXX þ aZZ, where I, X, and Z are the other three
Pauli operators.
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convexification of a set of projector-valued measures
(PVMs), nor even as a stochastic processing of a set of
PVMs. (Recall that sharp measurements in quantum theory
are represented by PVMs.) Suppose that the five-outcome
POVM fE0;…; E4g could be obtained by stochastic
processing of a set fPðαÞgα of distinct binary-outcome

qubit PVMs, PðαÞ ≔ fΠðαÞ
0 ;ΠðαÞ

1 g. Specifically, this would
mean that Ey ¼

P
j;k Pðyjj; kÞð

P
α Π

ðαÞ
j Pðα; kÞÞ for some

auxiliary variable k, distribution Pðα; kÞ, and conditional
Pðyjj; kÞ. However, because each effect Ey is itself rank-1

and because all the ΠðαÞ
j are distinct, these sums [which are

non-negative by virtue of the weights Pðyjj; kÞPðα; kÞ
being non-negative] can each contain only a single rank-
1 projector. Moreover, because postselection is not allowed
in such a processing, each projector must appear in the
positive sum yielding some effect. It follows that there must
be a one-to-one association between the five effects and the
full set of projectors. But this yields a contradiction. One
way to see this is that no two effects are orthogonal, while
the complementary rank-1 projectors appearing in a single

PVM, ΠðαÞ
0 and ΠðαÞ

1 , are orthogonal. (Alternatively, one
can note simply that there is an odd number of effects in the
POVM and an even number of projectors in the set
of PVMs.)
Related work.—Reference [43] has also noted that there

is an opportunity for leveraging operational equivalences
among the elements of a single unsharp measurement in
proofs of generalized contextuality [44]—indeed, the con-
struction they consider is an instance of what we here
termed flag convexification. The analysis in Ref. [43],
however, makes use of an auxiliary assumption, namely,
that the probability distribution over ontic states after a
measurement is proportional to the response function of the
effect that was observed. This assumption was not shown to
follow from noncontextuality, so Ref. [43] does not
establish our result [45].
It is also worth drawing the parallel between our Letter

and that of Fritz [46,47], which established that there are
Bell-like causal compatibility inequalities [46,48–50]
admitting of quantum violations even in scenarios where
each party implements only a single measurement, imply-
ing that incompatibility is also not necessary for exhibiting
quantumness in such cases.
Conclusions.—We have demonstrated that incompatibil-

ity is not required for proofs of generalized contextuality.
This fact shows a new sense in which the failure of
generalized noncontextuality can be proven in a broader
range of scenarios than the failure of Kochen-Specker
noncontextuality. This result also opens the door to the
possibility of finding new quantum advantages for informa-
tion processing by considering operational scenarioswith no
incompatibility, some of which might have previously been
overlooked by virtue ofmistakenly being thought to offer no
opportunity for nonclassical phenomena.

Our companion paper, Ref. [4], generalizes the results in
this paper in a number of ways. First, the arguments therein
are formulated in the context of arbitrary generalized
probabilistic theories rather than just quantum theory.
This means that if a given generalized probabilistic theory
admits of a proof of contextuality in a prepare-measure
scenario, then one can find such a proof involving only a
single measurement. Second, we demonstrate the possibil-
ity of proofs of contextuality (for both quantum theory and
generalized probabilistic theories) in scenarios that have
only a single preparation device as well as a single
measurement device. Such scenarios have no external
inputs at all. Hence, in addition to not requiring any
incompatibility, they also do not require the freedom of
choice assumption—roughly, that one can choose one’s
external inputs freely. Finally, we show that if one’s
detectors are inefficient, in that they have probability p
of performing ideally and probability 1 − p of failing to
give any outcome, then one can still witness contextuality,
even for arbitrary inefficiencies, i.e., any p > 0. That is,
there is no detector loophole for tests of generalized
noncontextuality.
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