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Minimal state-dependent proof of measurement contextuality for a qubit
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We show that three unsharp binary qubit measurements are enough to violate a generalized noncontextuality
inequality, the Liang-Spekkens-Wiseman inequality, in a state-dependent manner. For the case of trine spin
axes we calculate the optimal quantum violation of this inequality. In addition, we show that unsharp qubit
measurements do not allow a state-independent violation of this inequality. We thus provide a minimal state-
dependent proof of measurement contextuality requiring one qubit and three unsharp measurements. Our result
rules out generalized noncontextual models of these measurements which were previously conjectured to exist.
More importantly, this class of generalized noncontextual models includes the traditional Kochen-Specker (KS)
noncontextual models as a proper subset, so our result rules out a larger class of models than those ruled out by
a violation of the corresponding KS inequality in this scenario.
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I. INTRODUCTION

Quantum theory does not admit Bell-local or Kochen-
Specker-noncontextual hidden variable (KS-NCHV) models.
This is manifest in Bell nonlocality [1,2] and KS contex-
tuality [3,4]. Both these features arise, at a mathematical
level, from the lack of a global joint probability distribution
over measurement outcomes that recovers the measurement
statistics predicted by quantum theory. Traditionally, KS
contextuality has been shown for KS-NCHV models of
projective measurements for Hilbert spaces of a dimension
of three or greater [4—12].

For projective measurements, KS noncontextuality assumes
that the outcome of a measurement A is independent of
whether it is performed together with a measurement B, where
[A,B] = 0, or with measurement C, where [A,C] = 0 and B
and C are not compatible, i.e., [B,C] # 0. B and C provide
contexts for measurement of A. A qubit cannot yield a proof of
KS contextuality because it does not admit such a triple of pro-
jective measurements. While a state-independent proof of KS
contextuality holds for any state preparation, a state-dependent
proof requires a special choice of the prepared state. The
minimal state-independent proof of KS contextuality requires
aqutritand 13 projectors [12,13]. The minimal state-dependent
proof [10,11], first given by Klyachko e al., requires a qutrit
and five projectors (Fig. 1). Thus a qutrit is the simplest
quantum system that allows a proof of KS contextuality,
both state-independent and state-dependent. However, we note
that generalizations of KS noncontextuality for a qubit have
been considered earlier [14—16] in a manner that is different
from our approach. The precise difference, and the merits of
our approach over earlier attempts, are discussed at length
in Ref. [17]. Here we simply note that our approach builds
upon the work of Spekkens [18] and Liang et al. [19], and we
consider generalized noncontextuality proposed by Spekkens
as the appropriate notion of noncontextuality for unsharp
measurements [17,18]. Generalized noncontextuality allows
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outcome-indeterministic response functions for unsharp mea-
surements in the ontological model while KS-NCHV models
insist on outcome-deterministic response functions. In partic-
ular, generalized noncontextuality insists on the noncontex-
tuality of probability assignments to measurement outcomes
rather than the stronger KS-noncontextual assumption of the
noncontextuality of value assignments. A KS-NCHYV model is
necessarily generalized-noncontextual, but the converse is not
true. Further, while the assumption of KS noncontextuality
applies to projective measurements in quantum theory, the
assumption of generalized noncontextuality applies to all
experimental procedures (preparations, transformations, and
measurements) in any operational theory.

We define a contextuality scenario as a collection of
subsets, called “contexts,” of the set of all measurements.
A context refers to measurements that can be jointly im-
plemented. Conceptually, the simplest possible contextual-
ity scenario, first considered by Specker [3] (Fig. 2), re-
quires three two-valued measurements {M;, M,, M3} to allow
for three nontrivial contexts: {{M,M>},{M;,M3},{M>,M3}}.
Any other choice of contexts will be trivially KS-
noncontextual, e.g., {{ M, M;},{M, M3}}is KS-noncontextual
because the joint probability distribution p(M;,M,,M3) =
p(M,M>)p(M,M3)/ p(M;) reproduces the marginal statis-
tics. By implication, it is also generalized-noncontextual.
On assigning outcomes {+1, — 1} noncontextually to the
three measurements {M;,M,, M3}, it becomes obvious that
the maximum number of anticorrelated contexts possible in
a single assignment is 2, e.g., for the assignment {M; —
+1,M2 — —1,M3 —> +1}, {Ml,MQ} and {Mz,M3} are anti-
correlated but {M;, M3} is not. This puts a KS-noncontextual
upper bound of 2/3 on the probability of anticorrelation
when a context is chosen uniformly at random. Specker’s
scenario precludes projective measurements because a set of
three pairwise commuting projective measurements is trivially
jointly measurable and cannot show any contextuality. One
may surmise that it represents a kind of contextuality that is not
seen in quantum theory. However, as Liang et al. showed [19],
this contextuality scenario can be realized using noisy spin-1/2
observables. If one does not assume outcome-determinism for
unsharp measurements and models them stochastically but
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FIG. 1. The KCBS [10] contextuality scenario. The vertices rep-
resent the measurements and hyperedges represent jointly measurable
contexts.

noncontextually, then this generalized-noncontextual model
for noisy spin-1/2 observables will obey a bound of 1 —
g, where n € [0,1] is the sharpness associated with each
observable. Formally,

R3E% Z

(ij)e{(12),(23).(13)}

Pr(Xi # X;1G) < 1— 2, (1)

w3

where Pr(X; # X;|G;;) is the probability of anticorrelation
between the outcomes X;,X; € {+1, — 1} of measurements
M; and M;, respectively. G;; denotes the positive-operator
valued measure (POVM) corresponding to the joint imple-
mentation of M; and M;. We will refer to this generalized
noncontextuality inequality as the Liang-Spekkens-Wiseman
(LSW) inequality. This is not a KS-noncontextual inequality,
for which the bound would be 2/3. A violation of the LSW
inequality will rule out generalized noncontextuality and,
by implication, KS noncontextuality. A discussion of this
generalized noncontextual model and its ontological meaning,
compared to the usual KS-NCHV model, is provided in
Appendix A, where we also point out the merits of generalized
noncontextuality over KS noncontextuality as a benchmark for
nonclassicality. For a more detailed analysis of these issues we
refer the interested reader to Refs. [17,18].

After giving examples of orthogonal and trine spin axes that
did not seem to show a violation of this inequality, Liang et al.
left open the question of whether such a violation exists [19].
They conjectured that all such triples of POVMs will admit a
generalized noncontextual model [18], i.e., the LSW inequality
will not be violated.

Our main result is a proof that a state-dependent violation
of the LSW inequality is possible. In Sect. IT we set up the
LSW inequality for three unsharp qubit POVMs, in Sec. III we

FIG. 2. Specker’s [3] contextuality scenario. The vertices repre-
sent the measurements and hyperedges represent jointly measurable
contexts.
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obtain constraints on 1 from joint measurability, and Sec. IV
provides construction of the joint measurement POVMs. In
Sec. V we prove that noisy spin-1/2 observables do not allow
a state-independent violation of the LSW inequality, followed
by our main result in Sec. VI: a state-dependent violation of
LSW inequality for the case of trine spin axes. We conclude
with some discussion and open questions in Sec. VII.

II. LSW INEQUALITY

The three POVMs considered, M; = {EX,E¥), ke
{1,2,3}, are noisy spin-1/2 observables of the form

k l n. .
Ei=-1If-0-7, 0<n<1L )
2 2
That is,
' k
E| = Tl + nlli, 3)
where TT%. = %(1 + o - ;) are the corresponding projectors.

So EX are noisy versions of the projectors 1%, and the ob-
servable { EX , EX } is therefore a noisy (or unsharp) version of
the projective measurement P, = {IT¥ . TT* } (for k € {1,2,3)).
The LSW inequality concerns the following quantity:

Ry = Y p(Xi # X[1Gip. )
(i/)€{(12),(23),(13)}

W | =

where X;,X; € {+1, — 1} label measurement outcomes
for M; and M;, respectively. The joint measurement
POVM for the context {M;,M;} is denoted by G;; =
{GY,,GY_,GY,.G!_}. Gy x, is the joint measurement
effect corresponding to the effects E’X and E f(/_, ie.,
Yx, Gy, x, = Ex,,and Yy GY, = Ey . Rsisthe average
probability of anticorrelation when one of the three contexts
is chosen uniformly at random.

Under a generalized noncontextual model for these noisy
spin-1/2 observables, the following bound on Rj3 holds (cf.
Ref. [19], Sec. 7.3):

Ry<1—2, )
3
The question is: Does there exist a triple of noisy spin-1/2
observables that will violate this inequality, perhaps for some
specific state-preparation?

III. JOINT MEASURABILITY CONSTRAINTS ON 7

Testing the LSW inequality for a quantum me-
chanical violation requires a special kind of joint
measurability, denoted by jointly measurable contexts
{{M,M,},{M>,M5},{M,, M3}},i.e., pairwise joint measurabil-
ity but no triplewise joint measurability. This can be achieved
by adding noise to the projective measurements along three
different axes. For a given choice of {7i;,7i,,73} in Eq. (2),
denoting #; - 7i; = cos 6;;, a sufficient condition for this kind
of joint measurability is

nm<n< N (6)
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where

X X cos Oy

2

1
n = 3 max 3+2
X1 Xz X3ell) k,jell,2,3 k<]

(7

and

1
My = min (. @®)
()e((12).23.03) | /T + [sin6;;]

These are obtained as special cases of the more general joint
measurability conditions obtained in Appendix B, based on
Refs. [19] and [20]. We note that this condition is necessary
and sufficient for the special case of trine (A; - i; = —1/2) and
orthogonal (72; - 1; = 0) spin axes.

IV. JOINT MEASUREMENT EFFECTS

We construct the joint measurement POVM G;; =
{Gf_h,Gli_,G'_jJr,Gl_J_}, such that the given POVMs, M; =
(EL,E'} and M; = {E’,E’}, are recovered as marginals,
e, Yy, G')éh)ﬁ =E%.Y x, G’)ﬁi,xj = E’f,O < G’)ﬁi,xj < I,
and Zx,-,xl, Gl)?,v,x,- = I, where X;,X; € {+1, — 1}. The joint
measurement POVM has the following general form:

G, =1 {%14-5' Lt +ﬁi)_aii]}’ ©)
212 2 ' '

Gi L (1_%),+a.l[n(ﬁ<—ﬁ)+a~] (10)
=73 2 A

(1= %) 145 Sinig+p +ag . Ay
) > i j ijl(>

ij I o .1 . .
G’ = 3 71 +o- E[’l(_ni —nj)—ayly, (12)
where [ is the 2 x 2 identity matrix, 6 = (0y,0y,0;) are the
2 x 2 Pauli matrices, o;; € R, and G;; € R*. The necessary
and sufficient conditions for these to be valid qubit effects,
0< Gl)?,,X, < I, VX;,X; € {+1, — 1}, are equivalent to the
following inequalities [21]:

V20U - ) g 20l ) gl < e, (13)

o <2 - \/2772(1 — A - A+ lai | + 20l — Ay) - il
(14)

where 7, < n < n,. The construction of the joint measurement
POVM and derivation of the necessary and sufficient condition
for its validity, Egs. (13) and (14), are provided in Appendix C.
The joint measurement effects corresponding to anticorrelation
sum to

Gl +GY, = (1 —“J)H

5 G-ay. (15

1
2
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V. NO STATE-INDEPENDENT VIOLATION

We will now show that no state-independent violation of
the LSW inequality with qubit POVMs is possible.

Theroem 1. There exists no state-independent violation of
the generalized-noncontextual inequality R3 < 1 — 7 using a
triple of qubit POVMs M, = {Ei},k e {1,2,3} that are pair-
wise jointly measurable but not triplewise jointly measurable.

Proof. In quantum theory, the probability R3Q for an-
ticorrelation of measurement outcomes for pairwise joint
measurements of M; = {EX, E*} (where k € {1,2,3}) has the
following form for a qubit state p:

1
R3QE§ Z

(i))€{(12),(23),(13)}

Trip(GY_ + G7)). (16)

The condition for violation of noncontextuality inequality (5)
is R3Q >1-— % Using Eq. (15), this reduces to

Tr pZ(OlijI -0 -5,~j) < 217
@)

A7)
Using the standard 2 x 2 Pauli matrices and p parameterized
by 0 < g < 1land7i = (sin6 cos ¢, sinf sin ¢, cos 0):

p=q) ¥+ A =)T = ¥) YD, (18)

Cos g

) = 2o | = 0|0>+ “si ell) (19)
=\ 4io sin% = CoS > e'? sin 711
the condition for violation becomes

ZO[,’] +)Lp < 27],
@y

(20)

where

o =(1—2q)a-h €[—|al,lal] 21

denotes the state-dependent term in the condition and a =
(ay,ay,a;) is given by

ay =Y @), ay=Y @y, =Yy (@).. 22)
@y @j) @)

For a state-independent violation, either the state-dependent
term in Eq. (20), A,, must vanish for all qubit states p, or
>_j) @j +max, A, < 2n should hold. The first case, A, =
0 Vp, requires a = 0 since a is the only term in A, that
depends on the joint measurement POVM. This means a, =
ay, = a; = 0,sothat A, = Oforall p. The second case requires
> j%j t1dl < 2n. In both cases, we have the following
lower bound on «;;, from inequality (13):

ai; > N2n/T+h; - #;. (23)
Taking the sum of «;;, (ij) € {(12),(23),(13)}, we have
Zaij>\/§n2\/1+ﬁi'ﬁj. (24)

@) @j)
For the first case, the condition for state-independent violation
is Z(i i) Qij < 2n, while for the second case the condition for
such a violation is Z(ij) ;; + |a| < 27.Given the lower bound
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on Z(ij) a;j, it follows that a necessary condition for state-
independent violation of the LSW inequality is

> VTt iy <2, (25)

()]
We will show that there exists no choice of measurement
directions that will satisfy this necessary condition, thereby
ruling out a state-independent violation of the LSW inequality.
The particular cases of orthogonal axes (72; - 7; = 0) or trine
spin axes (7; - i; = —1/2), used by the authors of Ref. [19],
are clearly ruled out by this necessary condition. Denoting
fi; - Aij = cos 6;;, the necessary condition for violation is

0
cos % < 1. (26)

012 013
cos — cos —
2|+ s

Without loss of generality, the three directions can be param-
eterized as follows:

A1 = (0,0,1), (27)
Ay = (sin 62,0, cos Hy2), (28)
i3 = (sin 6y3 cos ¢, sin O3 sin ¢3, cos 0;3). 29)

where
O w .
0< 5 <3 V(ij) € {(12),(13),(23)}, 0< ¢3 < 2m,

and cos 6,3 = sin fy; sin B3 cos ¢3 + cos By, cos H13. This im-
plies

cos(f12 + 013) < cos(6r3) < cos(P12 — 013). (30)

Then
. 012 013 023
912{15)1113{1923 { €08 2 ‘ + ‘COS 2 + 'COS 2 }
6 0 1 6 0
> min cos 22| + |cos 22 +\/ +c0sGrz + b1s)
012,013 2 2 2
> 1.

This contradicts the necessary condition (26). Hence, there
is no state-independent violation of the LSW inequality (5)
allowed by noisy spin-1/2 observables. |

VI. STATE-DEPENDENT VIOLATION OF THE
LSW INEQUALITY

Our main result is that the LSW inequality can be
violated in a state-dependent manner. From the condition
for violation (20), it follows that a necessary condition for
stat§-dependent Viglation is Z(ijl o;; — |d| < 27. An optimal
choice of p that yields A, = —|a| corresponds to ¢ = 1 and
a.i=lal,ie.,

a a
cosf = TZ, tang = =2,
lal ax

With this choice of p the question becomes: Does there exist
a choice of {Ai1,A,,A3},n,{a;;,d;;} such that > ij — la] <
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FIG. 3. Choice of measurement directions {7,,7,,73} along trine
spin axes in the Z-X plane.

2n? We show that this is indeed the case. We define

CE2;7— Z()[ij—|6-l)| ) (31)
()]

so that C > 0 indicates a state-dependent violation. Note that
violation of the LSW inequality R3Q <1-— g is characterized
by

SER3Q—<1—2)=£ (32)

where S > 0 for a state-dependent violation. Given a coplanar
choice of {711,7,73}, and n satisfying ; < n < n,, the optimal

value of C, denoted as CI[;'.‘{)};", is given by

Cll = 2+ 37 1+ iy )2 — 22
@ij)
— (1 +n*i; - A))), (33)

which is obtained in Appendix D. We obtain a state-dependent
violation of the LSW inequality for trine axes (Fig. 3).

Theorem 2. The optimal violation of the LSW inequality
for measurements along trine spin axes, i.e., {7i1,7,73} such
that 7y -fip =iy - Az =7y - i3 = —1/2, occurs for |y) =
%2(|0) + i|1)) if the plane of the measurements is in the
ZX plane. The lower and upper bounds on n are n =
2~ 0.667 and 1, = +/3 — 1~ 0.732. The joint measure-
ment POVM is given by o;; = 1+ nA; -A; and &@; =
(0,\/1 + n*(A; - j)* —2n?,0). The optimal violation cor-

2

”7’ =
I, ayl — B vij), cuive — Y13 _ 12020185, and
Stine — S, 0.03364 or 3.36%.

Thus the quantum probability of anticorrelation can exceed
the generalized-noncontextual bound by an amount arbitrarily
close to 0.03364 or about 3.36% for trine spin axes. The
quantum degree of anticorrelation for this violation is R3Q =

Suine + (1 — %) — 0.8114 and the generalized-noncontextual

bound is (1 — g) — % ~ 0.7778. The proof of Theorem 2
follows from Appendix D.

responds to n — n;, so that oy = o3 =ap — 1 —
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VII. CONCLUSION

A violation of the LSW inequality is interesting primarily
because the benchmark for nonclassicality set by generalized
noncontextuality is more stringent than the one set by the
traditional notion of KS noncontextuality. The LSW inequality
takes into account, for example, the possibility that the
measurement apparatus could introduce anticorrelations that
have nothing to do with hidden variable(s) one could associate
with the system’s preparation. This would allow violation of
the KS-noncontextual bound of 2/3 when the measurement
is unsharp (n < 1) even though this violation could purely
be a result of noise coming from elsewhere, such as the
measurement apparatus, rather than a consequence of quantum
theory. A violation of the LSW inequality, on the other hand,
rules out this possibility and certifies genuine nonclassicality
that cannot be attributed to hidden variables associated with
either the preparation or the noise. As argued by Spekkens [18],
the appropriate notion of noncontextuality for unsharp mea-
surements is one that allows outcome-indeterministic response
functions.

An interesting open question is whether such a violation
is possible in higher-dimensional systems and whether the
amount of violation could be higher for these than for a
qubit. Whether a state-independent violation of the LSW
inequality is possible in higher dimensions also remains
an open question. Our result also hints at the fact that
perhaps all contextuality scenarios may be realizable and
contextuality demonstrated if we consider the possibilities
that general quantum measurements allow. In particular,
scenarios that involve pairwise compatibility between all
measurements but no global compatibility may be realizable
within quantum theory. Specker’s scenario is the simplest such
example we have considered. Indeed, as later shown by the
authors of Ref. [22] recently, quantum theory does admit
all contextuality scenarios since it allows one to realize any
conceivable set of (in)compatibility relations between a set of
observables.

In summary, the joint measurability allowed in a theory
restricts the kind of contextuality scenarios that can arise in
it. Quantum theory admits Specker’s contextuality scenario
with unsharp measurements [19]. Further, as we have shown,
quantum theory allows violation of the LSW inequality in
this scenario. Thus quantum theory is contextual even in the
simplest contextuality scenario. Whether, and to what extent,
this is the case with more complicated contextuality scenarios
realizable, for example, via the construction in Ref. [22]
remains to be explored.

Note. In Ref. [23], which appeared recently, the authors
deal with the LSW inequality and make some remarks on the
results of this paper. We refer the interested reader to Ref. [24]
for a discussion of the claims in Ref. [23] compared to the
results of this paper. See also Appendix E for a brief remark
on the question of triplewise incompatibility.
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APPENDIX A: GENERALIZED-NONCONTEXTUAL
MODELS VERSUS KS-NONCONTEXTUAL MODELS

The traditional assumption of KS noncontextuality entails
two things: measurement noncontextuality and outcome-
determinism for sharp measurements [18]. Given a set of
measurements {M, ..., My}, measurement noncontextuality
is the assumption that the response function for each measure-
ment is insensitive to contexts (jointly measurable subsets)
that it may be a part of: VM;, p(X;|M;; 1) € [0,1]. Here X;
is an outcome for measurement M; and XA is the hidden
variable associated with the system’s preparation. Outcome-
determinism is the further assumption that VM;, p(X;|M;; L) €
{0,1}, i.e., response functions are outcome-deterministic. A
KS-NCHYV model is one that makes these two assumptions
for sharp (projective) measurements. A KS inequality is a
constraint on measurement statistics obtained under these two
assumptions. A generalized-noncontextual model, on the other
hand, derives outcome-determinism for sharp measurements
as a consequence of preparation noncontextuality [18]. For
unsharp measurements, however, outcome-determinism is
not implied by generalized noncontextuality and one needs
to model these measurements by outcome-indeterministic
response functions [17,18]. We refer the reader to Ref. [17] for
a detailed critique of the assumption of outcome-determinism
for unsharp measurements and for arguments on the reason-
ableness, and generality, of the notion of noncontextuality for
unsharp measurements that is the basis of our work. Indeed,
the qubit effects we need to write the response functions
for are of the form EX = nITA + (1 — n)4. We will relabel
the outcomes according to {+1 — 0, — 1 — 1} so that X; €
{0,1} in what follows. Liang, Spekkens, and Wiseman (LSW)
argued [19] that the response function for these effects in a
generalized-noncontextual model should be p(Xy|My; 1) =
N[Xx ()] + (1 = (5101 + 3[11), where p(X) = [x] denotes
the point distribution given by the Kronecker delta function
8xx. For n =1 (sharp measurements) this would be the
traditional KS-noncontextual model. When n < 1 (unsharp
measurements), the second “coin flip” term in the response
function (%[O] + %[1]) begins to play a role. This term is
not conditioned by A, the hidden variable associated with
the system’s preparation, but is instead the response function
for tossing a fair coin regardless of what measurement is
being made. It characterizes the random noise introduced, for
example, by the measuring apparatus. The important thing to
note is that this noise is uncorrelated with the system’s hidden
variable A.

Given these single-measurement response functions, one
needs to figure out pairwise response functions for pairwise
joint measurements of the three qubit POVMs. LSW [19]
argued that the pairwise response functions maximizing
the average anticorrelation R3; and consistent with the
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single-measurement response functions are given by
P(Xi, X ;|G 1) = [ X; (W)X (V)]
+ (1= m)(3[01[1] + 3[1][0]),  (AD)

for all pairs of measurements (ij) € {(12),(13),(23)}. This
generalized-noncontextual model for these measurements
turns out to be KS-contextual in the sense that the three
pairwise response functions do not admit a joint proba-
bility distribution over the three measurement outcomes,
p(X1,X5,X3|)), which is consistent with all three of them.
Indeed this LSW model maximizes the average anticorrelation
possible in Specker’s scenario given the single-measurement
response functions, thus allowing us to obtain the LSW
inequality R3 < 1 — g Let us note the two bounds separately:

R; < RSS

ll
Wl N

; (A2)

Ry<RWV=1-1
; 3

To be clear, the assumptions leading to the LSW inequality
are as follows:

(1) Measurement noncontextuality;

(2) Outcome-determinism for projective measurements;
and

(3) No outcome-determinism for nonprojective measure-
ments.

On the other hand, the assumptions that lead to the
corresponding KS inequality (upper bound of 2/3) are the
following:

(1) Measurement noncontextuality and

(2) Outcome-determinism for all (projective as well as
nonprojective) measurements.

The first set of assumptions is clearly weaker than the
second set of assumptions and violation of the LSW inequality
rules out even this weaker notion of noncontextuality. Our
main result in this paper is that there exists a choice of
measurement directions {7i,7,,73} and a choice of » for some
state p such that the quantum probability of anticorrelation
R3Q beats the generalized-noncontextual bound R3LSW. This
rules out the possibility of being able to generate these
correlations by classical means, as in the LSW model, for
at least some values of sharpness parameter 1. Of course,
if n = 0, then the generalized-noncontextual bound becomes
trivial and the question of violation does not arise: This
situation corresponds to the case where for any of the three
pairwise joint measurements, the measuring apparatus outputs
one of the two anticorrelated outcomes by flipping a fair coin
and there is no functional dependence of the response function
on A. In other words, one could generate perfect anticorrelation
in a generalized-noncontextual model if n = 0. However, as
long as one is performing a nontrivial measurement (where
n > 0) there is a constraint on the degree of anticorrelation
imposed by generalized noncontextuality. What we establish
is that generalized noncontextuality cannot account for the
degree of anticorrelation observed in quantum theory. Clearly,
quantum theory is nonclassical even given a more stringent
benchmark than the one set by KS noncontextuality. A
violation of the KS-noncontextual bound R?S is possible in
a generalized-noncontextual model, so such a violation is not

(A3)
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in itself a signature of nonclassicality. On the other hand,
violation of the generalized-noncontextual bound R3LSW should
be considered a signature of genuine nonclassicality in that it
is not attributable either to the system’s hidden variable or
random noise (from the measuring apparatus or elsewhere).

APPENDIX B: BOUNDS ON 5 FROM JOINT
MEASURABILITY

In Appendix F of Ref. [19], Theorem 13, the authors
obtained the necessary and sufficient conditions for joint mea-
surability of noisy spin-1/2 observables. We note, as pointed
out by an anonymous referee, that the claimed necessary
condition in the aforementioned theorem is incorrect, while
the sufficient condition holds. Here we prove a necessary
condition for joint measurability, one we use in the main text
for triplewise joint measurability, by revising the argument for
necessity made by Liang et al. [19].

Theorem 3. Given a set of qubit POVMs, {{Eé‘(k Xy €
{+1, — 1}}k € {1,...,N}}, of the form

EY =11+ 16 - Xiny, (B1)

and defining 2" 3-vectors

N
mx,..xy = Y Xii. (B2)
k=1

a necessary condition for all the POVMs to be jointly
measurable is that

1 -
n < T M {lmx, .xyl} (B3)

(B4)

Proof. We will only prove the necessary condition, which
we use in the main text, and refer the reader to Ref. [19],
Appendix F, for proof of the sufficient condition. Note that
n =Tr[(G - Xkﬁk)E’,‘(k]. Since this holds VX,k, we have

1 & I
=0y Z ZTr[(o - XA EX . (B5)

k=1 Xy

If all the POVMs are jointly measurable, then we must
necessarily have a joint POVM {EYy, . x,} such that

EX = > Ex,..xy- (B6)

Then
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Further,
Trl(o - rix,, .. .x)Ex, . ..xy] < Tr[Ex, . xy], (B9)
which yields the inequality
1 -
1< 5y 2 bixx TEx _x]. (B10)
XXy
Now, >y x, Ex,...xy = I, and therefore,
1
> FTlEx. .x1=1. (B11)
XXy

...............

L il (B12)
which is a necessary condition for joint measurability. ]
For N = 3 we obtain the necessary condition for triplewise
joint measurability which is used in the main text for
computing 7;. The necessary and sufficient condition for
pairwise joint measurability is given by
Ln*@i - 2)* =207 >0, V(Gij) € {(12),(13),(23)}.
(B13)
This is obtained as a special case, for the present problem, of
the more general necessary and sufficient condition for joint
measurability of unsharp qubit observables obtained by the

authors of Ref. [20]. Using #; - 7i; = cos 6;;, this inequality
becomes

2 1 2 1
n"————J\"-———]20. (Bl14)
1 — |sin6;| 1 + | sin 6|

Since 0 < 1 < 1, the necessary and sufficient condition for
pairwise joint measurability becomes

(B15)

. 1
n < min —_—,
T )el(12),23).03)) {1/1 + [sin 6] }

which is used to compute 7, in the main text.
Orthogonal spin axes: i; - ii; = 0V(ij) € {(12),(13),(23)}.
The necessary and sufficient joint measurability condition is
1 < 1

— <n< —.

V3 V2
Trine spin axes: f; -hj = —1/2 V(ij) € {(12),(13),(23)}.
The necessary and sufficient joint measurability condition is

%<n<\/§—l.

(B16)

(B17)

APPENDIX C: CONSTRUCTING THE JOINT
MEASUREMENT POVM

The joint measurement POVM G;; for {M;,M;} should
satisfy the marginal condition

Gl +GL =E. ¢ +G6" =E. (D

Gl.+G',=E,, GI_+G'_=E. (2

PHYSICAL REVIEW A 89, 042118 (2014)

Also, the joint measurement should consist of valid effects
(C3)

where [ is the 2 x 2 identity matrix. The general form of the
joint measurement effects is

ij ij ij ij
0<Gy,,G{ .G, ,G”_<,

ij 1 Qjj > i)
G+f+=5[7-’1+o-a+f+], (C4)
ijo_ 1 %j - i
G+_=§ 1—7 I—{—a-a_,__ s (CS)
o1 %j = i
G_+=§ 1—7 I+a-a_+ s (C6)
o Mew o s
G__:E 714‘0"61__ (C7)

where each effect is parameterized by four real numbers. From
the marginal condition, Egs. (C1) and (C2), it follows that

=ij =ij

atl, +al_ =nn;, a’,+a’_ =-na;,  (C8)
al, +al, =na;, al_+al_=-na;.  (C9)
These can be rewritten as
2at, +al_+a’, = n; +a;), (C10)
20 _+al, +a’_ =n@; —a,), (C11)
2a7, +atl, +a’_ = n(—h; + ), (C12)
2a7_ +al_+a’, =n(—h; —h;). (C13)

From Egs. (C8) and (C9) it follows that
@’, +a’_ y+ @’ +al_y=o.
So one can define
(_iij = ai{_ + ai_j+ = Zii{+ + &ij_ = —aij.
Now, from Egs. (C10) to (C13) the following are obvious:

—ij

atly = 3Ini + ) — agl, (C14)
al_ = @i —ap) +adg), (C15)
a’, = n(=h; +ay) + dy), (C16)
a’_ = Yin(—n; — ;) — ay). (C17)

This gives the general form of the joint measurement POVMs
in the main text. For qubit effects, Gl;l x,» Where X;,X; €
{+1, — 1}, the valid effect condition (C3) is equivalent to the
following [21]:

~ij Qij

@) < SE<2—lalyl, (C18)
Sij ojj Sij
lai_| < 1—7<2—|a+_|, (C19)
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ja, | <

- 7’ <2—a’,), (C20)

ja_| < 2” <2-lal|. (€21

These inequalities can be combined and rewritten as

2max{|c_i'+’+| |a" <o <2 2max{|‘”||a L
(C22)
where
max({|a?, |,la"”_|}
2 T
=\/%<1+ﬁ,~-fz‘ G D42 )
and
max({|a;_|,1a" |}
. lai; > n,,. .. .
\/—(1 i -7 4{ +5|(ni—nj)‘aij|-

This is the condition for a valid joint measurement used in
inequalities (13) and (14) in the main text.

APPENDIX D: OPTIMAL STATE-DEPENDENT
VIOLATION FOR MEASUREMENTS IN A PLANE

We need to maximize C = 21 — (3_;;, @;j — |d|) to obtain
the optimal violation of the LSW inequality. Subject to
satisfaction of the joint measurability constraints (13) and (14)
in the main text, we have

2n+lal —

E o

()]

2n+Z|a,,|

@j)

< max
(A1 Az,73),{dij ),

— Y P A FlagR . O
@)
The inequality above follows from the fact that
la| = Z |dij 1> + 2(d12.G13 + d1z.d03 + G13.d23),  (D2)

@y

so that a| < ) ldi;, and

3220 i) + g
()]

<32 A ) + fag 4 201G + ) -
@)

S ZO[,‘]‘.

()]
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Also, we have
Z\/an(l + i - i)+ lag)?
@ij)

>3 22+

@y

j) + |aij |2|coplanar,¢3:7r

That is, for a fixed |a;l, Z(ij) V202 + A - Aj) + lag)?
is smallest when the measurement directions {7i,7,,73}
are coplanar and ¢3 =m. From Egs. (27) to (29)
in the main text, 7i; - i3 = cos B3 = sin 6y, sinf3 cos ¢3 +
cos i cos 3. When ¢3 = 0 or 7, the three measurements
are coplanar and there are only two free angles, 71 - i, =
cos Oy, and i - iz = cos B3, while the third angle is fixed
by these two: iy - i3 = cos 63 = cos(81, — 613) or cos(012 +
013). Since cos(812 + 013) < cos(ba3) < cos(f1y — 013), for any
given 6, and 03 € (0,7), cos 6y3 is smallest when ¢3 = 7.
Hence, we choose the three measurements to be coplanar such
that ¢3 = m and cos 0,3 = cos(fy2 + 613). Any other choice
of {fiy,n,,n3} will give a larger value of cos 6,3, hence also

Z(ij) \/2772(1 + fti . flj) + |aij|2. So

Chax < max
Ay Az, A3, {ldi |},

2+ ) lay|

@j)

- Z \/2772(1 + ﬁi : ﬁl) + |aij |2|coplanar,¢3:n
@)

We will now argue that this inequality for Cy.x can be replaced
by an equality. Let us take coplanar measurement directions
{Ai1,A2,A3} such that ¢3 = 7. We also take all the a; ; parallel
to each other, i.e., ai; - di13 = |dp2||di3, di2 - do3 = |aral|aasl,
and a3 - ay = |ais||aasl, so that |a| = |ap| + |ai3| + |aas|.
Besides, |(7; +A;) - d;;| =0 V(ij) € {(12),(13),(23)}. From
these conditions it follows that each d;; is perpendicular to
the plane and V(ij) € {(12),(13),(23)}, a;; - A; = a;; - ii; = 0.
This allows us to choose &;; = /2n2(1 + f; - A;) + |a; |*.
So, in our optimal configuration, the measurement directions
are coplanar while the d;;’s are parallel to each other and
perpendicular to the plane of the measurements. Note that this
also means a will be parallel to d;; and therefore perpendicular
to the plane of the measurements, and so will be the optimal
state (which is parallel to a). With these optimality conditions
satisfied, the optimal violation can now be written as

Coax = max 2n + Z <|a,]| ®3)
ARENARERIEA (@)
_ \/2772(1 +A; -4+ |é,~j|2)} : (D4)

The constraints from joint measurability (13) and (14) become

@il < 1+t - 7)) — 22, (DS)
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Now,

Cax < max

Ay -Ag, i Az, {ldi|},n

2+ 3 (1 G A2 — 2
@ij)

— (L4 n*i; - A;))

The upper bound follows from the fact that f(x,y) =x —

VX2 +2n2(1 +y), where 0<x </1+n*y?—2n% and
—1 < y < 1, is an increasing function of x for a fixed y,
ie, (&), > 0. Here x = |G;;| and y =, - /i;. So, taking

|aij| = /1+n*@; - 7;)? — 212, we have

U =2+ 3 L1+ 0 i - AP — 207 — (L4 Py - )
@j)
(D6)

Note that ojj = 1+ ﬂzﬁi . flj for
T+ 1770 A2 =22 Chid” is the maximum  value
of C for a given coplanar choice of measurement directions
{n,,7,,73} and sharpness parameter 7.

ldi;| =

APPENDIX E: NOTE ON TRIPLEWISE
INCOMPATIBILITY

We have worked with the constraint of triplewise incompat-
ibility originally employed by LSW [19]. The intuition behind

PHYSICAL REVIEW A 89, 042118 (2014)

this constraint was to ensure that the binary qubit POVMs we
consider do not trivially admit a joint distribution, in which
case there should be no contextuality even with respect to
the KS inequality bound of 2/3. However, the situation in
respect of POVMs turns out to be richer than expected: it
is possible to construct pairwise joint measurements of these
qubit POVMs such that they violate the LSW inequality, and it
is also possible for these qubit POVMs to be triplewise jointly
measurable. Itis just that any triplewise joint measurement that
one may construct for these qubit POVMs will not marginalize
to pairwise joint measurements capable of violating the LSW
inequality (or even the KS inequality for this scenario).
However, it may still be possible to construct pairwise
joint measurements for the qubit POVMs that do not arise
as marginals of any triplewise joint measurement and can
therefore violate the LSW inequality.

On relaxing the requirement of triplewise incompatibility
in our optimal (trine axes) scenario, n > n; = % we find that
the maximum violation of the LSW inequality occurs at n =
0.4566, with R3Q = 0.9374 and RYSY = 0.8478, the violation
being 0.0896 or about 8.96%. This is a straightforward
consequence of Eq. (33) in the main text. This result has
been quoted in Theorem 3 of Ref. [23], where the peculiar
behavior of POVMs with respect to joint measurability has
also been discussed. We note, however, that the claim in
Ref. [23] that “LSW’s inequality can be regarded as a genuine
KS inequality” is not true, which should be clear from our
discussion of the LSW inequality and its comparison to the
corresponding KS inequality in Appendix A. For further
related discussion see Ref. [24].
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