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We provide a formal proof of the noncontextuality inequality and some additional discussion on
the merits of our approach compared to previous approaches.

I. PROOF OF THE INEQUALITY

We can summarize our main result—a derivation of
a noncontextuality inequality from the proof of the
Kochen-Specker theorem for the 18 ray uncolourable set
of Figure 1 in the main text—by the following theorem:

Theorem. Consider an operational theory (P, M,p).
Let {M; € M : i € {1,...,9}} be nine four-outcome
measurements. Let [k|M;] denote the kth outcome of
the ith measurement, where k € {1,...,4}. Let {P;} €
P:ie{l,...,9} k € {1,2,3,4}} be thirty-siz prepa-
ration procedures, organized into mine sets of four. Let
Pi(ave) € P be the preparation procedure obtained by sam-
pling k € {1,2,3,4} uniformly at random and implement-
ing P; .

Suppose that one has experimentally verified the oper-
ational preparation equivalences depicted in Fig. 3 in the
main text, namely,

Plave) ~ P2(ave) P(ave)7 (1)
and the operational equivalences depicted in Fig. 2(a),

namely,
(k| M;] ~ [k M, (2)

for the eighteen pairs specifed therein.

FIG. 1. A choice of labelling of the eighteen equivalence
classes of measurement events. Here, w, denotes the prob-
ability assigned to the equivalence class labelled by « in a
noncontextual outcome-indeterministic ontological model.

If one assumes that the operational theory admits
of a wuniversally noncontextual ontological model, that
is, ome which is both measurement-noncontextual and
preparation-noncontextual, then the following inequality
on operational probabilities holds

1 9 4
A= %Zzp k‘Mszk

i=1 k=1

(3)
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We now provide the proof. For clarity, we expand on
some of the steps presented in the main article.

The quantity A can be expressed in terms of the distri-
butions and response functions of the ontological model,
using Eq. (1) in the main text, as

9 4

362 ZaklMi,A)u(Ale). (4)
i=1 k=1

Using the definition of the max-probability ((M;, A),

given in Eq. (12) in the main text, we have

9 4
%ZZC(MM) (i Z;@H,@) )
i=1 A k=1

Assuming that one experimentally verifies the opera-
tional preparation equivalences of Eq. , the assump-
tion of preparation noncontextuality implies that

HOPE) = wAB™) = - = wA B, (6)

It follows that there exists a single distribution, which we
denote v(\), such that

AP = p(N) forallie {1,...,9}.  (7)

Recall that Pi(ave) is the preparation procedure that sam-
ples k uniformly from {1,2,3,4} and implements P j.
Given that the probability of the system being in a given
ontic state A given the preparation P, i is u(A|P; %), and
given that the probability of P; ; being implemented is i
for each value of k, it follows that the probability of the
system being in a given ontic state A given the prepara-
tion P(ave) is p(A[PY)) = 13\ W(A[P; ). Combining
this Wlth Eq. @ we conclude that

EZM(MPM) — (N forallie{1,....,9), (8
A



and therefore that

9
A< SN (9)
A

=1

This in turn implies

9
A< mfxxéZC(Mi,)\). (10)

i=1

Assuming that one experimentally verifies the opera-
tional measurement equivalences of Eq. , the assump-
tion of measurement noncontextuality implies that

(k| M, N) = E(K'[Mir, A), (11)
for the eighteen pairs of operationally equivalent mea-
surement events ([k|M;], [k'|M;/]) specifed in Fig. 2(a) in
the main text.

It is useful to simplify the notation at this stage. We
introduce the variable x € {1,...,18} to range over the
eighteen operational equivalence classes of measurement
events. We introduce the shorthand notation

= {(k[M;, A) = E(K'[Mir, N), (12)
for the probability assigned to the xkth equivalence class,
where the dependence on A is left implicit. The variable
k enumerates the equivalence classes in Fig. 2(a) in the
main text, starting from [1|M;] and proceeding clockwise
around the hypergraph, as depicted in Fig.

In this notation, the constraint that each response
function is probability-valued, &(k|M;.\) € [0, 1], is sim-
ply

0<w,<1, Vke{l,...,18}, (13)

while the constraint that the set of response functions for
each measurement sum to 1, Zk 1 E(k|M;, M) =1, can
be captured by the matrix equahty

ZW =1 (14)
where @ = (wy,...,wis)", @ = (1,1,1,1,1,1,1,1,1)T,
and

111100000000000000O0
000111100000000O0OO00O0
0000001111 0000DO0ODO0OO0ODO0
0000O00O0O0OO111100O0O00O0
Z=]1000000000000111100
10000000000OO00O0O0OO01T11
010000001010000O0OO0T1
001010000001 0O1TO0OO0ODO0ODO
0000010100000O0OD1TO01O0

(15)

Finally, we can express the quantity to be maximized as

1< 1<
5 2 M) =5 > max we,  (16)

i=1 1=1

or, more explicitly, as

9

i—1
1
= §[max{w1, wa, w3, wy } + max{wy, ws, we, wr }

+ max{wr, ws, wg, w1g} + max{wig, w11, w12, w13}
+ max{wi3, w14, W15, W16} + max{wie, w17, wis, w1}
+ max{wis, wa, Wy, w11 } + max{ws, ws, Wiz, Wig}

+ max{ws, ws, w15, W17 }]. (17)

The matrix equality of Eq. implies that there
are only nine independent variables in the set
{wy,ws,...,wig} and that these satisfy linear inequal-
ities. The space of possibilities for the vector w therefore
forms a nine-dimensional polytope in the hypercube de-
scribed by Eq. (13).

The value of %Z?:l ¢(M;,\) on any of the interior
points of this polytope will be an average of its values at
the vertices because it is a convex function of w. There-
fore, to implement the maximization over A, it suffices to
maximize over the vertices of this polytope.

Using the numerical software Sage, in particular the
Polyhedron class in SageMathCloud[I], we were able
to infer all 146 vertices of our 9-dimensional poly-
tope from its characterization in terms of the linear
inequalities of Eq. . From this brute-force enu-
meration of all the vertices of the polytope, the max-
1mum possible value of i Zl 1 C(M;, N) was found to

be 2 5- An example of a Vertex achieving this value is

w—(lOOO1000,%,;,;,0001000) which is
depicted in Fig. 4 in the main text. This concludes the
proof. 0O

Our proof technique can be adapted to derive a similar
noncontextuality inequality correponding to any proof of
the KS theorem based on the uncolourability of a set of
rays of Hilbert space. One begins by completing every set
of orthogonal rays into a basis of the Hilbert space, and
then forming the hypergraph depicting the orthogonality
relations among these rays (the analogue of Fig. 1 in the
main text). One then forms the hypergraph decipting all
of the measurements events, with one type of edge denot-
ing which events correspond to the outcomes of a single
measurement, and the other type of edge denoting when
a set of measurement events are operationally equiva-
lent (the analogue of Fig. 2(a) in the main text). One
then associates a set of preparations with every measure-
ment in the hypergraph, one preparation for every out-
come. For each such set of preparations, we define the
effective preparation that is the uniform mixture of the
set’s elements, and we presume that all of the effective
preparations so defined are operationally equivalent (as
is the case in quantum theory, where the effective prepa-
ration for every set corresponds to the completely mixed
state). We consider the correlation between the mea-
surement outcome and the choice of preparation in the



set associated with that measurement, averaged over all
measurements. This average correlation is the quantity
A that appears on the left-hand side of the operational
inequality.

The uncolourability of the hypergraph means that
there are no noncontextual deterministic assignments to
the measurement events, hence the polytope of proba-
bilistic assignments to the measurement events has no
deterministic vertices either. Each vertex of this poly-
tope, that is, each convexly-extremal probabilistic assign-
ment, will necessarily yield an indeterministic assignment
to some of the measurement events. Using the opera-
tional equivalences and the assumption of universal non-
contextuality, one can infer from this that the average
correlation A is always bounded away from 1. For any
uncolourable hypergraph, a quantum realization would
achieve the logical limit A = 1 by construction, so the
noncontextuality inequality we derive is necessarily vio-
lated by quantum theory in each case.

One can understand this violation as being due to the
fact that assignments of density operators that are in-
dependent of the preparation context can achieve higher
predictability for the respective measurements than as-
signments of probability distributions over ontic states
that are independent of the preparation context. This is
the feature of quantum theory that allows it to maximally
violate the noncontextual bound of A < 5/6.

II. ROBUSTNESS OF THE
NONCONTEXTUALITY INEQUALITY TO
NOISE

How much noise can one add to the measurements and
preparations while still violating our noncontextuality in-
equality? We answer this question here assuming that
the experimental operations are well-modelled by quan-
tum theory. According to quantum theory,

p(k|M;, P;y.) = Tr(Eg a, pik), (18)

where Ejy;, denotes the positive operator representing
the measurement event [k|M;] and p; ;. denotes the den-
sity operator representing the preparation P; ;. To be
precise, for every i, the set {Ejyas, }r is a positive op-
erator valued measure, so that 0 < Eyp, < I, and
>k Erjv, = I, and for every i and k, p; is positive,
pik > 0, and has unit trace, Trp; , = 1.

In quantum theory, a noiseless and maximally infor-
mative measurement is represented by a POVM whose
elements are rank-1 projectors, that is,

Eyn, = Wi, (19)

where for each k, II; ;, is a projector, hence idempotent,
H?.k = II; , and is rank 1, so that II;, x = |v¥; k) (Vi k],
where for each 7, the set {|%i k) } % is an orthonormal basis
of the Hilbert space. If we furthermore set

pik = I k, (20)

then we find p(k|M;, P; 1) = Tr(Eyapik) = 1 for each
(i,k), and consequently A = 1. We see, therefore, that
the maximum possible value of A is attained when mea-
surements satisfy the noiseless ideal. We can now con-
sider the consequence of adding noise.

We begin by considering a very simple noise model
wherein the preparations and measurements both deviate
from the noiseless ideal by the action of a depolarizing
channel, that is, a channel of the form

1

Dy() =pI() + (1 = p) 7 1 Te(), (21)
which with probability p implements the identity chan-
nel and with probability 1 — p generates the completely
mixed state. If the quantum states are the image of the
ideal states under a depolarizing channel with parame-
ter p1, and the POVM is obtained by acting the depo-
larizing channel with parameter py followed by the ideal
projector-valued measure (such that the POVM elements
are the images of the projectors under the adjoint of the
channel), then

1
pik = Dp (ig) =p1llip + (1 —p1)=I, (22)

4
1
Ek|M1 = 'D;LQ (H’L,k) = ngiyk + (]. *pg)ZI, (23)

Here, the POVM {Ey s, }# is a mixture of {II; ;}x and
a POVM {1I,11,11 11} which simply samples k uni-
formly at random regardless of the input state. It fol-
lows that for each (i, k), if we consider p(k|M;, P, i) =
Tr(Ey|a,pik), we find perfect predictability for the term
having weight p;ps while for the three other terms, we
have a uniformly random outcome, so that in all

1
p(k|M;, P; i) = pip2 + (1 —p1p2)1- (24)

It follows that

9 4

1 1 3

A= %ZZP k|M;, P ) = 11 P2 (25)
=1 k=1

Thus a violation of the noncontextuality inequality, i.e.

A> %, occurs if and only if

7

pip2 > 9 (26)
It turns out that one can derive similar bounds for
more general noise models as well. Suppose that instead

of a depolarizing channel, we have one of the form
Npop() = pI() + (1 = p)p Tr (). (27)
With probability p, this implements the identity channel
and with probability 1—p it reprepares a state p that need
not be the completely mixed state, but which is indepen-
dent of the input to the channel. The analogous sort of
noise acting on the measurement corresponds to acting



on the POVM elements by the adjoint of this channel,
that is,
NLo() =PI + (L= p)I Te(p ). (28)

Therefore, if this sort of noise is applied to the ideal
states and measurements, with the parameters in each
noise model allowed to depend on %, we obtain

N( i) p(l)( pgl))p(1)7 (29)
=N ps))s(kli),
(30)

p) =\ + (1

B m, (k) = pS My + (1~

where s(k|i) = Tr(pP1I; ) is a probability distribution
over k for each value of i. Here, the POVM {Ejaz, }r
is a mixture of {II; ;}» and a POVM {s(k|i)I}; which
simply samples k at random from the distribution s(k|i),
regardless of the quantum state. Compared to the sim-
ple model considered above, the innovation of this one is
that for both preparations and measurements, the noise
is allowed to be biased.

For the case of pg R = 0, which by Eq. (29) implies that
Pik = p™, we find that, regardless of the measurement,
p(k|M;, P, 1) is just a normalized probability distribution
over k (because there is no k dependence in the state).
Hence, in this case, iZi:l p(k|M;, P i) = 1

Similarly, for the case of pg) = 0, that is, when
the POVM corresponds to a random number generator
Eym, = s(kli)I, we find that, regardless of the prepa-
ration, p(k|M;, P; ) is again just a normalized proba-
bihty distribution over k Hence, in this case again,
4Ek 1 P(K[M;, Py ) = "

3

It follows that for generic values of p;

have % Say p(k|M;, Pry) = pi )pé) +(1-
all then, we have

R 1
E%;;p k|M27sz Z

and péi) ,

pi'ps") 5

3 (1= ) ()
1 §Zp1 Py |-
=1

(31)
Consequently, a violation of the noncontextuality in-
equality, i.e. A > %, occurs if and only if the noise
parameters satisfy

In

Zpl Ip) . (32)

Because the parameters p( Y and p(;) decrease as one in-
creases the amount of noise, this inequality specifies an
upper bound on the amount of noise that can be tolerated
if one seeks to violate the noncontextuality inequality.
This analysis highlights how the approach to deriving
noncontextuality inequalities described in this article has
no trouble accommodating noisy POVMs. This contrasts
with previous proposals for experimental tests based on
the traditional notion of noncontextuality, which can only
be applied to projective measurements. This is one way

to see how previous proposals are not applicable to re-
alistic experiments, where every measurement has some
noise and consequently is necessarily not represented pro-
jectively.

IIT. COMPARISON TO OTHER
NONCONTEXTUALITY INEQUALITIES

We have proposed a technique for deriving noncontex-
tuality inequalities from proofs of the Kochen-Specker
theorem. It is useful to compare our approach with one
that has previously been proposed by Cabello [2]. We do
so by explicitly comparing the two proposals in the case
of the 18 ray construction of Ref. [3]. Indeed, the fact
that Ref. [2] proposes an inequality for this construction
is part of our motivation for choosing it as our illustrative
example.

For each of the eighteen operational equivalence classes
of measurement events, labelled by x € {1,...,18} as de-
picted in Fig. |1} we associate a {—1, +1}-valued variable,
denoted S, € {—1,+1}. A given ontic state X is assumed
to assign a value to each S;. The fact that there is only
a single variable associated to each equivalence class im-
plies that any assignment of such values is necessarily
noncontextual.

Ref. [2] considers a particular linear combination of
expectation values of products of these variables:

— (51528354) — (S4555657) — (S75859510)

— (S10511512513) — (513514515516) — (S16517.51851)
— (5189259 511) — (S355512514)

— (S658515517), (33)

and derives the following inequality for it:
a<T (34)

(Note that Ref. [2] used a labelling convention for the
eighteen measurement events that is different from the
one we use here; to translate between the two conven-
tions, it suffices to compare Fig. 1 in that article with
Fig. 1| in ours.) Each term in « refers to a quadruple of
variables that can be measured together, that is, which
can be computed from the outcome of a single measure-
ment. Different terms correspond to measurements that
are incompatible.

In Ref. [2], the following justification is given for the
inequality . We are asked to consider the 2'® possi-
ble assignments to (S, ..., S1s) that result from the two
possible assignments to Sy, namely —1 or +1, for each
k € {1,...,18}. Tt is then noted that among all such pos-
sibilities, the maximum value of a that can be achieved
is 7.

Ref. [2] states that a violation of this inequality should
be considered evidence of a failure of noncontextuality.
We disagree with this conclusion, and the rest of this
section seeks to explain why.



A. The most natural interpretation

It is useful to recast the inequality of Eq. in terms
of variables v,, with values in {0, 1} rather than {—1,+1}.
Specifically, we take

Sk +1

5 (33)

Uy =
Under this translation, products of the S, correspond to
sums (modulo 2) of the v,. For instance, an equation
such as S, Sk, = —1 corresponds to the equation v,, ¢
vy, = 1, where @ denotes sum modulo 2, while S, Sk, =
+1 corresponds to v, @ vs, = 0, so that v,, G ve, =
—Suy Septl g .
—5=2—. In particular, we also have
— 5115k 5k5 9k, +1
2

Vi, D Uiy (5) Vg S Viy = (36)

or equivalently,
_Sm Snz SNSSH4 = 2(UH1 D Uiy D Vg3 @ ’U"M) -1, (37)
We can therefore consider a quantity o', defined as

o =(v; ® vy ®v3 B vy) + (V4 B vs D vg D vr)
+ (v7 @ vg ® vy D v10) + (V10 D v11 G V12 D V13)
+ (V13 @ v14 D V15 D v16) + (V16 © V17 © V18 D V1)
+ (V18 © V2 © vg B v11) + (V3 © Vs D V12 D V14)
+ (v @ vs B v15 B v17), (38)

so that a = 2a’ — 9, and we can re-express inequality

o <8. (39)

Of course, rather than using Eq. to translate
from {—1,+1}-valued variables into {0,1}-valued vari-
ables, one can also just derive the inequality directly:
among the 2% possible assignments of values in {0, 1} to
each of the v,, the maximum value of o is 8. Two ex-
amples of such assignments are provided in Fig.

It is useful to use a notation that specfies whether a
given expectation value of some variable X is relative to
a preparation procedure P, in which case it is denoted
(X)p, or relative to an ontic state A, in which case it is
denoted (X),. We denote by o’(P) the quantity defined
in if the expectation values contained therein are
relative to preparation P, and we denote by a’()\) the
case where the expectation values are relative to ontic
state A. Under the assumption of an ontological model,
each expectation value relative to a preparation P can be
expressed as a function of the expectation value relative
to an ontic state A, via

(X)p = (X)x p(AIP), (40)

A

where p(A\|P) is the distribution over ontic states asso-
ciated with preparation P. We can infer from Eq.

FIG. 2. Examples of noncontextual assignments of {0,1}-
values to the measurement events in the 18 ray construction
where it is not required that every measurement has precisely
one outcome that is assigned value 1 and three outcomes that
are assigned the value 0. Example (a) depicts an assignment
wherein there is a measurement all of whose outcomes receive
probability 0. Example (b) depicts one wherein there is a
measurement two of whose outcomes recieve probability 1.

that

o/ (P) = o' (\u(AP). (41)

A

With these notational conventions, we can summarize
the argument of Ref. [2] as follows. In any noncontextual
ontological model, every ontic state A satisfies

a/(\) < 8. (42)

But this in turn implies, through Eq. , that for all
preparations P,

o'(P) <8, (43)

which is an inequality constraining operational quanti-
ties.

We are now in a position to describe the problem with
the inequality , or equivalently inequality , and
thus with the claim of Ref. [2]. First, we highlight the
physical interpretation of the variables v,. If v, is as-
signed value 1 by the ontic state A, then this means that
if the system is in the ontic state A, and a measurement
that includes x as an outcome is implemented on it, then
the outcome k is certain to occur, while if v, is assigned
value 0 by A, then the outcome « is certain not to occur.
But each of the 2'® different assignments to (v1,...,vs)
is such that for at least one measurement either none
of the outcomes occur, as in the example of Fig. (a),
or more than one outcome occurs, as in the example of
Fig. 2(b). (This is precisely what is implied by the fact
that the 18 measurement events are uncolourable, as ex-
plained in the main text.) Such assignments involve a
logical contradiction given that the four outcomes of each



measurement are mutually excusive and jointly exhaus-
tive possibilities.

It follows that the sort of model that a violation of in-
equality rules out can already be ruled out by logic
alone; no experiment is required. To put it another way,
discovering that quantum theory and nature violate in-
equality (43 only allows one to conclude that neither
quantum theory nor nature involve a logical contradic-
tion, which one presumably already knew prior to noting
the violation.

We have argued in the main text that the notion
of KS-noncontextuality, insofar as it assumes outcome-
determinism, is not suitable for devising experimentally
robust inequalities given that every real measurement in-
volves some noise. The problem with inequality can
also be traced back to the use of the assumption of KS-
noncontextuality. Suppose we ask the following question:
given the existence of nine four-outcome measurements
satisfying the operational equivalences of Fig. 2(a) in the
main text, how are the operational probabilities that are
assigned to these measurement events constrained if we
presume that KS-noncontextual assignments underlie the
operational statistics? On the face of it, the question
seems well-posed. On further reflection, however, one
sees that it is not. There are simply no KS-noncontextual
assignments to these measurement events, so it is simply
impossible to imagine that such assignments could un-
derlie the operational statistics. There is nothing to be
tested experimentally, as the hypothesis under consider-
ation is seen to be false as a matter of logic.

Here is another way to see that the inequality does
not provide a test of noncontextuality. Consider the ex-
pectation value (v, ® vy, B Vs, B v, )p for a prepara-
tion P, where k1, Ko, k3 and k4 correspond to the four
outcomes of some measurement. Regardless of which of
the four outcomes of the measurement occurs in a given
run where preparation P is implemented—i.e. regardless
of whether (vy,,Vu,, Vg, Uk, ) comes out as (1,0,0,0) or
(0,1,0,0) or (0,0,1,0) or (0,0,0,1) in that run—the vari-
able v, @ Vg, B Vg D Vs, has the value 1. We can think
of it this way: the variable v, ®v,., DV, Dy, is a trivial
variable because it is a constant function of the measure-
ment outcome. (This is analogous to how, in quantum
theory, for a four-outcome measurement associated with
four projectors, although each projector is a nontrivial
observable, their sum is the identity operator, which has
expectation value 1 for all quantum states, and therefore
corresponds to a trivial observable.) It follows that re-
gardless of what distribution over the four outcomes is as-
signed by P, the expectation value (v, BV, BV BV, ) P
will be 1. Given that each of the nine terms in o/(P) is
of this form, it follows that o/ (P) = 9.

So, for any operational theory that admits of nine four-
outcome measurements with the operational equivalence
relations depicted in Fig. 2(a) in the main text, we will
find that o/ (P) = 9 for all P. Therefore, we can conclude
that the inequality o/ (P) < 8 is violated for all P. One
can reach this conclusion without ever considering the

question of whether the operational predictions can be
explained by some underlying noncontextual model.

Another consequence of the triviality of the variables
of the form vy, ® v, ® Vi, B vy, is that the inequality
(43) can be violated regardless of how noisy the mea-
surements are. Suppose, for instance, that quantum the-
ory describes our experiment, but that the nine four-
outcome measurements are not the projective measure-
ments described in Fig. 1 in the main text, but rather
noisy versions thereof. For instance, one can imagine that
each measurement is associated with a positive operator-
valued measure that is the image under a depolarizing
map of the projector valued measure associated with the
ideal measurement. The amount of depolarization can
be taken arbitrarily large and, as long as it is the same
amount of depolarization for each of the measurements,
the nine noisy measurements that result will still sat-
isfy precisely the same operational equivalences as the
original nine, namely, those depicted in Fig. 2(a) in the
main text. For such noisy measurements, we can still
identify variables v, associated to the eighteen equiva-
lence classes of measurement events, and we still find
that regardless of which of the four outcomes of the mea-
surement occurs, the variable v., @ Vg, ® Vi, P vy, has
the value 1, so that regardless of what distribution over
the four outcomes is assigned by P, the expectation value
(Ve B Vky PV, DUy, ) p Will be 1 and therefore o’ (P) =9,
which is a violation of the inequality .

According to the generalized notion of noncontextu-
ality proposed in Ref. [], if one adds enough noise to
the preparations and measurements in an experiment, it
always becomes possible to represent the experimental
statistics by a noncontextual model. One way to prove
this is to note that: (i) if all of the preparations and the
measurements in an experiment admit of positive Wigner
representations, then, as demonstrated in Ref. [5], the
Wigner representation defines a noncontextual model,
and (ii) if one adds enough noise to the preparations and
measurements, it is possible to ensure that they admit of
positive Wigner representations.

This analysis of the effect of noise accords with intu-
ition: noncontextuality is meant to represent a notion of
classicality, so that a failure of noncontextuality is only
expected to occur in a quantum experiment if one’s ex-
perimental operations have a high degree of coherence. It
follows that there should always exist a threshold of noise
above which an experiment cannot be used to demon-
strate the failure of noncontextuality. One can turn this
observation into a minimal criterion that should be satis-
fied by any noncontextuality inequality, that there should
exist a threshold of experimental noise above which it
cannot be violated.

As we have just noted, the inequality proposed in
Ref. [2] fails this minimal criterion. By contrast, the
noncontextuality inequality proposed in this article iden-
tifies such a threshold for the 18 ray construction: the
noise must be kept low enough that the average of the
measurement predictabilities is above 5/6.



B. Alternative interpretation

The inequality proposed in Ref. [2] can be given a dif-
ferent interpretation to the one provided in the previ-
ous subsection. This interpretation is more charitable in
some ways, but it still does not vindicate the proposed
inequality as delimiting the boundary of noncontextual
models.

The idea is to imagine that for each of the nine mea-
surements, there are in fact five rather than four out-
comes that are mutually exclusive and jointly exhaustive.
Thus, in this interpretation, it is assumed that the hyper-
graph describing compatibility relations and operational
equivalences is not the one of Fig. 2(a) in the main text,
but rather a modification wherein there are nine addi-
tional nodes—one additional node appended to each of
the nine measurements—as depicted in Fig. a).

FIG. 3. (a) The hypergraph wherein each measurement is
assigned an additional fifth outcome. (b) A normalized non-
contextual deterministic assignment to the hypergraph of (a)
that recovers the subnormalized noncontextual deterministic
assignment of Fig. [2J(a) on the appropriate subgraph; (c) The
hypergraph wherein the fifth outcomes are all operationally
equivalent; (d) the unique normalized noncontextual and de-
terministic assignment to the hypergraph of (c).

If {K1, k2, K3, ke} are the original four outcomes of a
given measurement, then the variable v., ® vy, @ Vg, P
Vi, is no longer a constant function of the measurement
outcome because its value varies depending on whether
or not the fifth outcome occurs. If x5 denotes the fifth
outcome of the measurement, then the trivial variable is
Uiy D Vgy D Vg D Vg, D Vg, taking the value 1 regardless
of the outcome.

In this case, the assignments of the type depicted in
Fig. a)—the noncontextual deterministic assignments
that are subnormalized—can be embedded into non-
contextual deterministic normalized assignments on the
larger hypergraph, as depicted in Fig. [3(b). (The possi-
bility of such an embedding for the subnormalized non-
contextual deterministic assignments considered in Ca-

bello, Severini and Winter [6] was noted in Acin, Fritz,
Leverrier, Sainz [7].)

Of course, such a move does not provide any way of un-
derstanding the deterministic noncontextual assignments
of the type depicted in Fig. b), because the latter vio-
late normalization by having the probabilities of the dif-
ferent outcomes of the measurement summing to greater
than 1—they are supernormalized.

So, while the supernormalized noncontextual deter-
ministic assignments can be ruled out by logic alone, the
subnormalized noncontextual deterministic assignments
may be entertained without logical inconsistency if they
are considered as reductions to a subgraph of a normal-
ized noncontextual deterministic assignment on a larger
hypergraph.

Because the justification given in Ref. [2] for the in-
equality derived there asks one to consider all of the
noncontextual deterministic assignments, including the
supernormalized ones, the interpretation of this inequal-
ity as a constraint on subnormalized assignments is in
tension with the manner in which the inequality is jus-
tified. This interpretation is a better fit with Cabello’s
later work, such as Ref. [6], wherein the restriction to
subnormalized assignments is explicit. In any case, if the
inequality holds for all noncontextual deterministic as-
signments, regardless of normalization, then it holds for
the special case of the subnormalized assignments, so the
inequality can still be derived within this interpretation.

The problem with this interpretation becomes man-
ifest when we require that the original hypergraph of
Fig. 2(a) in the main text—and thus the correspond-
ing subgraph of Fig. a) from which it is derived in this
interpretation—is realized in terms of Hilbert-space bases
in the manner depicted in Fig. 1(a) in the main text.

We consider two possible ways of fulfiling this require-
ment, and explain why it is not possible to vindicate the
inequality of Eq. in either case.

In one approach, we imagine that the quantum sys-
tem is in fact described by a 5-dimensional Hilbert space.
In this case, rank-1 projective measurements have five
outcomes and are therefore described within the hyper-
graph representation by an edge with five nodes, just as
we have for the measurements in Fig. a). Now con-
sider an association of Hilbert space rays with the nodes
of this hypergraph such that one recovers the associa-
tion of rays to nodes described by Fig. 1 in the main
text (i.e. one recovers this assocition on the subgraph of
Fig. 3(a) that corresponds to the original hypergraph of
Fig. 2(a) in the main text). This is possible if, for ev-
ery measurement, the fifth outcome is associated with a
ray that is orthogonal to the 4d subspace in which all of
the other rays live. But then, under a tomographically
complete set of preparations of the 5d Hilbert space, one
finds that the fifth outcomes are all operationally equiv-
alent, so that the appropriate hypergraph is not that of
Fig. 3(a) but rather the one depicted in Fig. [3{c). Now,
consider this hypergraph. It only admits of a single nor-
malized noncontextual deterministic assignment, the one



that assigns 0s to every outcome in the original set and
1 to all of the fifth outcomes, as depicted in Fig. [3(d).
Therefore, if one were to experimentally verify the ap-
plicability of the hypergraph of Fig. c), by verifying
the operational equivalences depicted therein, then any
KS-noncontextual model consistent with this hypergraph
would not only satisfy the inequality o/ (\) < 8 (Eq. ),
it would predict that all of the measurement events ap-
pearing in the inequality receive value 0, so that the in-
equality could be strengthened to the equality o’'(A) = 0,
which in turn would imply, through Eq. , that for
all preparation procedures P, the operational inequal-
ity /(P) < 8 could be strengthened to the operational
equality

o/ (P) = 0. (44)

But this is trivial to violate experimentally: simply find a
preparation that does not always yield the fifth outcome
for every measurement. We take the triviality of this
constraint to speak against the idea that it captures the
assumption of noncontextuality. Therefore, the conclu-
sion to draw from this discussion is not that one should
replace the inequality o/ (P) < 8 with o/(P) = 0. Rather,
as we’ve argued at length in the main text, because the
KS-noncontextual models make the unjustified assump-
tion of outcome-determinism, the notion of noncontex-
tuality should not be formalized as KS-noncontextuality,
but rather as measurement and preparation noncontex-
tuality.

We now turn to the second approach. Here, one sticks
to the notion that the quantum system being probed is
4-dimensional and instead one suggests that each of the

nine measurements is nonprojective, that is, each is rep-
resented by a positive operator valued measure rather
than a projector valued measure. In this way, one can
ensure that the measurements indeed have five outcomes.
One might even think of the fifth outcome as representing
a ‘no detection’ event (the idea of justifying subnormal-
ized assignments by imagining an additional ‘no detec-
tion’ outcome has also been discussed in Ref. [7]).

To see that there is something fishy about this ap-
proach, it suffices to note that if it were correct, then
it would have the bizarre consequence that in the case
where the measurements achieve the ideal of projective-
ness, satisfaction of the inequality o/(P) < 8 is ruled
out by logic alone, whereas if the measurements depart
from this ideal, however little, suddenly the inequality
specifies whether or not the experiment can be modelled
noncontextually.

In any case, the real problem with this approach is eas-
ily identified. For a nonprojective measurement, one is
assigning probabilities to effects (positive operators less
than identity) rather than projectors. In this case, one
must allow noncontextual assignments to be probabilis-
tic. This has been proven elsewhere [8] and we will not
repeat the arguments here. Such probabilistic noncontex-
tual assignments are not restricted to be in the convex
hull of the deterministic noncontextual assignments, and
therefore can be more general than mixtures of the lat-
ter. Because the derivation of the inequality o/(P) < 8
made crucial use of the assumption that the preparation
P was a mixture of deterministic noncontextual assign-
ments, the fact that the assumption of determinism is
unwarranted implies that one can no longer derive the
inequality as a constraint on noncontextual models.
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